Remark 3.2. The hypothesis that Z 2 is not a direct factor of G in Lemma 3.1 can not be removed. In fact, let a be an element of order 2, let H be a group of odd order and let G D hai H: Hence L.G/ -ˆ.G/.
Lemma 3.3. Let G be a finite group such that G Š E n H , where H is a group such that Z 2 is not a direct factor of H and
Proof. The lemma follows. where˛2 Aut.hai/ D 1,ˇ2 hom.H; hai/, 2 hom.hai; Z.H //, ı 2 Aut.H /, which is defined by the rule
for all i D 0; 1 and h 2 H . 
Noticing that H D Ker.ˇ/ or Ker.ˇ/ is a maximal subgroup of H for any elemenť 2 hom.H; hai/, we seeˆ.H / Ä Ker.ˇ/. By Lemma 3.1, we have
Thusˇ.h/ D 1 for allˇ2 hom.H; hai/ and h 2 L.H / and therefore
The lemma is proved.
From the above lemmas, we obtain the key theorem in this paper.
Theorem 3.5. Let G be a finite group. The following conclusions are equivalent:
(1) G Š Z 2 H , where H is a group such that jZ.H /j is odd.
(2) G Š Z 2 H , where H has no normal subgroup of order two.
Proof. It is clear that (1) implies (2) and that (3) follows from (2) 
Thus b i D 1 and i D 0. It follows that x 2 H and therefore L.G/ Ä H . On the other hand, by Lemma 2.1, we have
Since H has no direct factor of order two,
Now we give some applications of Theorem 3.5.
Proof. It is clear that the corollary is true by Lemma 3.1.
Corollary 3.7. Let p be a prime number and let G be a finite
Proof. If p is an odd prime, then it is clear that L.G/ Äˆ.G/ by Lemma 3.1. Now we assume that G is a 2-group. If L.G/ -ˆ.G/, then, by Lemma 3.5, we may assume that G D hai H such that o.a/ D 2 and jZ.H /j is odd. It follows that Z.H / D 1 and therefore
Recall that a formation is a class of groups closed under taking homomorphic images and such that if G=M and G=N are in the formation, then so is G=M \ N . Let F be a formation; a group G is called an F -group if G 2 F . Then F is said to be saturated provided the following condition is satisfied: If G is a group but not an F -group and M is a minimal normal subgroup of G such that G=M is an F -group, then M has a complement and all such complements are conjugate in G. A famous result states that if F is a saturated formation, then G is an F -group if and only if G=ˆ.G/ is an F -group. The following corollary is an analogue of that result.
Corollary 3.8. Let F be a saturated formation containing Z 2 . Then a finite group G is an F -group if and only if G=L.G/ is an F -group.
Proof. It is clear that we only need to prove the sufficiency part. Suppose that the sufficiency is false and let G be a counterexample of minimal order.
Since F is a saturated formation, it follows that G 2 F . Now we assume that L.G/ -ˆ.G/. By Theorem 3.5, we may assume that G D hai H such that o.a/ D 2 and H has no normal subgroup of order two. By Lemma 3.4, we have
Remark 3.9. The condition "Z 2 2 F " in Corollary 3.8 cannot be removed. In fact, let F be the class of all groups of odd order. It is clear that F is a saturated formation and Z 2 … F . We take a group G D hai H such that o.a/ D 2 and H is a group of odd order. It is clear that G … F but G=L.G/ is a group of odd order.
Recall that a group G is said to be p-solvable group if its upper p-series reaches G:
where
The minimum number l is called the p-length of G and denoted by l p .G/. The p-length of p-solvable groups is an interesting topic in finite group theory. The following corollary shows that for p ¤ 2 a p-solvable group G and its quotient group G=L.G/ have the same p-length.
Corollary 3.10. Let G be a p-solvable group, where p is an odd prime. Then 
The proof is now complete.
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The absolute center of finite minimal non-abelian p-groups
Recall that a p-group is called a minimal non-abelian p-group if it is a non-abelian group and all its maximal subgroups are abelian. It is well-known that finite minimal non-abelian p-groups play an important role in finite group theory. In this section, we determine the absolute center of finite minimal non-abelian p-groups. First we list the following result due to Redei [9] .
Lemma 4.1 ([9] ). Let G be a finite minimal non-abelian p-group. Then G is one of the following groups:
(1) Q 8 , The following equivalent conditions about finite minimal non-abelian p-groups are always used.
Lemma 4.2 ([9]
). Let G be a finite p-group. Then the following conditions are equivalent:
(1) G is a minimal non-abelian p-group. The following lemma plays an important role in the theory of automorphism groups of finite groups. Lemma 4.3. Let G D ha 1 ; : : : ; a n W f i .a 1 ; : : : ; a n / D 1; i 2 I i be a finite group, where ¹f i W i 2 I º is a set of generated relations of G. Let Gen.G/ D ¹a 1 ; : : : ; a n º be a set of generators. If ' is a map from Gen.G/ to G such that G D h'.a 1 /; : : : ; '.a n / W f i .'.a 1 /; : : : ; '.a n // D 1; i 2 I i; (4.1)
then there exists a unique automorphism e ' 2 Aut.G/ such that e 'j Gen.G/ D '.
For convenience, we use
Gen.G/ '.Gen.G// D ¹.a 1 ; '.a 1 //; : : : ; .a n ; '.a n //º to denote the automorphism e ' of G determined by the set Gen.G/ and the map ' from Gen.G/ to G with (4.1). .a
Hence ha 
We see p j j from m > n and thus OEb j ; a i D OEb; a ij D 1. It follows that p m n j j; .i; p/ D 1 or p m nC1 − j:
In addition, OEˇ.a/;ˇ.b/ Dˇ.a/ p n 1 implies that
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Considering p j j , we see
.b/ there exists a finite group G such that 1 < L.G/ <ˆ.G/, such as M 2 .n; m; 1/ with n m 1 and m C n > 2.
Applications
In this section we hope to extend the result of Chaboksavar, Farrokhi Derakhshandeh Ghouchan and Saeedi [3] . In fact, we determine all solutions of the equation 
Hence we may assume that G D P or G Š P Z 2 , where P is a p-group such that P =L.P / Š Z p ! Z p . Now we only discuss the structure of the p-group P . By Corollary 3.6, we see L.P / Äˆ.P /. It is clear that P =ˆ.P / Š P =L.P /=ˆ.P /=L.P / D P =L.P /=ˆ.P =L.P // Š Z p Z p :
Therefore d.P /, the rank of P , is two. Now suppose that P =L.P / D hai hbi, If jP 0 j D p, then P is a finite minimal non-abelian p-group by Lemma 4.2. Since P =L.P / is abelian, we have P 0 Ä L.P /, which is contradictory to Theorem 4.7 (1).
If jP 0 j D 1, then P is an abelian p-group. It follows from Lemma 4.7 that L.P / D 1. Hence P Š Z p ! Z p .
In a word, G is isomorphic to the group (1) or (2).
(II) Let p D 2. As in (I), we have that G is a 2-group. The hypotheses of the theorem imply G © Z 2 . It follows from Corollary 3.7 that L.G/ Äˆ.G/. Thus we have d.G/ D 2 and jG 0 j D 1 or 2 as in (I).
If jG 0 j D 1, it is obvious that G is of type (4) We see n D 2, m D 1 C ! .! 1/ and G is isomorphic to the group (7).
